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Abstract
For an integer k, define poly-Euler numbers of the second kind E When k = 1, E n = E (1) n are Euler numbers of the second kind or complimentary Euler numbers defined by t sinh t = ∞ n=0 E n t n n! .
Euler numbers of the second kind were introduced as special cases of hypergeometric Euler numbers of the second kind in [7] , so that they would supplement hypergeometric Euler numbers. In this paper, we give several properties of Euler numbers of the second kind. In particular, we determine their denominators. We also show several properties of poly-Euler numbers of the second kind, including duality formulae and congruence relations. § 1. Introduction
For an integer k, poly-Euler numbers E ( [11, 12, 13] ), where
is the k-th polylogarithm function. When k = 1, E n = E Euler numbers have been extensively studied by many authors (see e.g. [8, 11, 12, 13, 14] and references therein), in particular, by means of Bernoulli numbers. In [7] , for N ≥ 0 hypergeometric Euler numbers E N,n (n = 0, 1, 2, . . . ) are defined by 
where 1 F 2 (a; b, c; z) is the hypergeometric function defined by
Here (x) (n) is the rising factorial, defined by (x)
with (x) (0) = 1. Note that When N = 0, E n = E 0,n are the Euler numbers defined in
The sums of products of hypergeometric Euler numbers can be expressed as for N ≥ 1 and n ≥ 0,
where E N,n are the hypergeometric Euler numbers of the second kind or complementary hypergeometric Euler numbers defined by
( [7, Theorem 4] ). When n = 0, E n = E 0,n are the Euler numbers of the second kind or complementary Euler numbers defined by
In [8] , E n are called weighted Bernoulli numbers. But they mean different in different literatures. On the other hand, the sums of products of hypergeometric Euler numbers of the second kind can be also expressed as
Euler numbers of the second kind are complementary in view of determinants too. It is known that the Euler numbers are given by the determinant 
Since Bernoulli numbers can be expressed as In [7, Proposition 1.1] , it is shown that hypergeometric Euler numbers E N,n satisfy the relation:
with E N,0 = 1.
From (1.4), we have
Therefore, the hypergeometric Euler numbers of the second kind satisfy the recurrence relation for even n ≥ 2
It turns that E N,2n can be given by the determinant ([6, Theorem 2.1]).
For N ≥ 0 and n ≥ 1, we have
When N = 0, we obtain the determinant expression of Euler numbers of the second kind in (1.7).
Similarly to Theorem 1.1, we get the determinant expression of hypergeometric Euler numbers ([6, Theorem 2.3]).
Theorem 1.2.
When N = 0, we obtain the determinant expression of Euler numbers in (1.6).
In Section 2, we shall show several properties of Euler numbers of the second kind. In particular, we determine the denominator of E 2n . In Section 3, we introduce polyEuler numbers of the second kind as one directed generalizations of the original Euler numbers of the second kind. We give some expressions of poly-Euler numbers of the second kind with both positive and negative indices. In Section 4, we show one type of duality formula for poly-Euler numbers of the second kind. In Section 5, we shall give several congruence relations of poly-Euler numbers of the second kind with negative indices. § 2. Euler numbers of the second kind
In this section, we shall show several properties of Euler numbers of the second kind. In particular, we determine the denominator of E 2n . We also give some identities involving Euler numbers of the second kind, as analogous results of those in Euler numbers.
From the definitions (1.2) and (1.5),
We also know that
Euler numbers E 2n are integers, but Euler numbers of the second kind E 2n are rational numbers. We can know the denominator of E 2n completely.
For an integer n ≥ 1, the denominator of Euler numbers of the second kind E 2n is given by
where p runs over all odd primes with (p − 1)|2n. In particular, 
is an integer, where p runs over all odd primes with (p − 1)|2n.
Proof. Notice that for n ≥ 1, we have
where B n (x) is the Bernoulli polynomial, defined by 
The odd prime p satisfying (p − 1)|26 is 3, and
Remark.
For any integer n ≥ 0,
is an integer.
It is known that Euler numbers satisfy the recurrence relation Proof. From the definition (1.5), we have
Comparing the coefficients on both sides, we get the result.
For a positive integer n and a nonnegative integer k, Euler numbers satisfy the relation
(e.g. [9] ). Euler numbers of the second kind satisfy the following relation.
Theorem 2.4.
For a positive integer n and a nonnegative integer k,
Proof. Put
For |t| < 1, we have
Hence, we get
Thus, for |t| < 1, we have
Therefore, we obtain
The right-hand side of (2.3) is equal to
The left-hand side of (2.3) is equal to
Comparing the coefficients on both sides, we have
Therefore, we get the desired result. § 3. Poly-Euler numbers of the second kind
In this section we introduce poly-Euler numbers of the second kind as one directed generalizations of the original Euler numbers of the second kind. A different direction of generalizations is in (1.4) as hypergeometric Euler numbers of the second kind. Similar poly numbers are poly-Bernoulli numbers ([4]) and poly-Cauchy numbers ([5]
). We shall give some expressions of poly-Euler numbers of the second kind with both positive and negative indices.
For an integer k, define poly-Euler numbers of the second kind E (k)
n are Euler numbers of the second kind or complimentary Euler numbers defined in (1.5) . Several values of poly-Euler numbers of the second kind can be seen in Table 1 .
Poly-Euler numbers of the second kind can be expressed explicitly in terms of poly-Bernoulli numbers B (k)
When k = 1, B n = B Here, the Stirling numbers of the second kind are defined by
yielding from
Lemma 3.1.
For integers n and k with n ≥ 0, we have
When the index is negative, we had a more explicit formula without Bernoulli numbers [6] .
Lemma 3.2.
For nonnegative integers n and k, we have
Lemma 3.2 can be stated as follows too.
Lemma 3.3.
For nonnegative integers n and k, we have 
Several exact values can be seen in Table 2 . As special cases, we have the following.
Lemma 3.4.
For nonnegative integers n and k, we have For nonnegative integers n and k, we have
This theorem is proven by using the expression of poly-Bernoulli numbers in terms of poly-Euler numbers of the second kind. In [6, Theorem 3] , poly-Euler numbers of the second kind are expressed in terms of poly-Bernoulli numbers:
Proof. Since
2(e t − e −t ) ,
Comparing the coefficients on both sides, we get
Proof of Theorem 4.1. From Proposition 4.2 and the duality formula B
, we get the desired result.
We can also describe the positivity of poly-Euler numbers of the second kind with negative index. For nonnegative integers n and k, we have
Proof. From (4.1), we have
4 sinh x e 4(x+y) e 4x + e 4y − e 4(x+y)
Since the left hand side is equal to
comparing the coefficients on both sides, we get the desired result.
Remark.
When k = 1 in Theorem 4.3, we have
It matches the result in Lemma 3.4, as
Poly-Euler numbers of the second kind with positive indices are rational numbers, but those with negative indices are integers. Hence, it is worthwhile considering congruence relations.
In [6] , we determined the parity and the divisibility of poly-Euler numbers of the second kind as follows. In this section, we shall give some more congruence relations of poly-Euler numbers of the second kind with negative indices.
Proposition 5.3.
Let p be an odd prime, and k be a fixed nonnegative integer. Then for integers n and m with n, m ≥ 0 and n ≡ m (mod p − 1), we have Let p = 7. Then for any odd number n we have E (−5) n ≡ 0 (mod 7).
